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I. Introduction
HE purpose of this paper is to obtain the fundamental asymptotic form of the rotational solution for wave propagation inside a viscous channel bounded by transpiring walls. The original partial differential equation (PDE) stems from the momentum equation arising in the context of a fluid oscillating inside a chamber with permeable walls. [1] [2] [3] [4] [5] [6] [7] [8] unsteady inertial, convective, and diffusive mechanisms. Such interactions lead to a nonlinear scaling structure that we wish to analyze. The mean flow is of the Berman type and can be obtained from the Navier-Stokes equations over different ranges of the classical, cross-flow Reynolds number. 9 Traditionally, a solution is said to be of the Berman type when it satisfies Berman's nonlinear equation. 10 The latter is a fourth-order ordinary differential equation (ODE) that arises from the two-dimensional Navier-Stokes equations applied to a porous channel, and subject to a similarity transformation. As shown in former studies, into a coupled set of ODEs. While an exact solution can be obtained for the longitudinal set, the same cannot be said of the transverse equation. For this reason, the current study focuses on the separated, second-order differential equation that prescribes the rotational wave motion in the transverse direction. The emerging crossflow equation defines a singular, boundary-value, double-perturbation problem exhibiting an oscillatory behavior. Such features characterize a particular class of ODEs that we wish to solve asymptotically, in general conceptual form.
To set the stage, we proceed by formulating two fundamental asymptotic solutions for the cross-flow boundary-layer equation. We choose the standard WKB approach to arrive at a first-order approximation. Next, a multiple-scales procedure is implemented to produce a two-variable expansion. The latter brings into focus the emerging nonlinear scaling structure. It should be pointed out that, to the authors' knowledge, the nonlinear coordinate transformation that is necessary for the success of the multiple-scales technique appears to be a novelty. Unlike previous studies in which the scaling transformation is conjured from guesswork or inspection, in this article, it is derived rigorously from the problem's solvability condition. Subsequently, following the formal specification of the problem's characteristic length scale, the multiple-scales formulation will be shown to incorporate the leadingorder terms arising in the WKB approximation. Asymptotic results are verified using a special example for which the boundary-layer equation can be solved in an exact fashion. Using the exact solution as a benchmark, the truncation error is examined also. The special example that we employ stems from a practical application. In fact, both exact and asymptotic formulations serve as useful extensions to a recent study that considers the oscillatory flow inside rectangular cavities. [1] [2] [3] Such flows take place in a number of interesting applications, including cold-flow simulations of burning propellant, [5] [6] [7] [8] isotope separation, [9] [10] [11] turbulence of oscillatory flows, [12] [13] [14] [15] [16] [17] filtration mechanisms, 18 and sweat cooling.
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II. Physical Setting
Our interest lies in an ideal gas performing small oscillations (at an angular frequency ω ) about a steady two-dimensional velocity field. The solution domain consists of a long and narrow rectangular channel of length , L height 2h , and width w . The channel is closed at the head end and either a) choked or b) open (isobaric) at the downstream end (see Fig. 1 ). Furthermore, we select a Cartesian reference frame that is anchored at the head-end centre, and use x and y to represent the cross-flow (normal) and streamwise (longitudinal) coordinates (normalized by h ). For the reader's convenience, the complete details that may be found in other work 2,3 are briefly revisited in this section. For periodic pressure perturbations of amplitude P , one can express the total velocity profile as a sum of its mean and time-dependent components:
[ ]
( , , ) ( , , ) x y t V x y P a x y t x y t
where V is the gas velocity at the transpiring wall, ρ is the gas density, a is the acoustic speed of sound, and t is dimensional time. In (1), the normalized mean velocity is ( , ) u = u v while ˆˆ( , ) u = u v and ( , ) u = u v denote the irrotational (curl-free) and solenoidal (divergence-free) time-dependent components.
3 The oscillatory pressure ( , ) p y t is of the form cos( ) exp(
and the corresponding irrotational velocity response in a rectangular cavity will be:
Here k is the dimensionless wave number, and ω is the dimensional frequency corresponding to an oscillation mode number 1, 2, 3, , m = ∞ … . The patterns associated with the mode numbers are known as the fundamental, first harmonic, second harmonic, etc., oscillation mode shapes. In practice, the lowest oscillation mode shapes require the least energy to excite and are therefore the most likely to occur. Depending on whether the downstream end is a) closed (acoustically non-compliant) or b) open (isobaric), the wave number and frequency of oscillations are given by:
The rotational velocity component can be derived from the linearized momentum equation known to the order of the cross-flow Mach number / M V a = . In fact, one may follow Majdalani, 3 Flandro, 4-6 or Majdalani and Van Moorhem, 7 and express the momentum equation in the streamwise direction. The result is
where ν is the kinematic viscosity. For equal permeability at the walls, symmetry enables us to reduce the domain to 0 1
. This self-imposed condition prevents our model from accommodating asymmetrical mean-flow solutions. In the case of transpiring walls, however, only unique and stable symmetrical solutions exist for the entire range of the injection Reynolds number defined by Eq. (7). This conclusion was first drawn by Skalak and Wang 20 and later proved rigorously by Shih. 21 For suction flows -3-American Institute of Aeronautics and Astronautics with 6 .0014 R < − , multiple solutions can exist including those exhibiting asymmetrical behavior. For a thorough investigation of all possible solution patterns that accompany flow withdrawal, the reader is referred to the comprehensive work by Zaturska, Drazin and Banks. 22 For two-dimensional and three-dimensional considerations, the reader may also find interesting the studies by Cox 23 and Taylor, Banks, Zaturska and Drazin. 24 In addition to the geometric symmetry that is imposed, the no-slip condition at the wall requires that ˆ0 + = v v . Thus, one must have,
Here S and R are the Strouhal and cross-flow Reynolds numbers, respectively. The reciprocal of R , namely,
, is taken, henceforward, to be the primary perturbation parameter. Due to practical limitations on viscosity and frequency, meaningful physical settings correspond to 10 R > (cf. Yuan ). Furthermore, for nontrivial injection, the convection speed at the transpiring walls must exceed the molecular diffusion speed ων . Since which the walls behave as if they were impermeable. In that limiting process of insignificant injection, one can choose (for both physical and perturbation reasons) 10 S R = = to set the lower bounds of the physical domain. This limit is partly inspired by the fact that a value of 10 S < is uncommon in oscillatory systems. Practical applications will hence correspond to 10 R S > > .
The value of R (here positive for influx) has been the basis for mean-flow velocity assessments that have received considerable attention in the past. In fact, one may enumerate a great number of studies concerned with the mean-flow structure, uniqueness, and stability. [9] [10] [11] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] Presuming a separable solution of the form ( , ) ( ) ( ) x y f x g y = v and using the known profile ( , ) x y = − u for flow inside a cavity, 32 (7) becomes
where n λ must be strictly positive for a nontrivial formulation. Linear summation over n λ gives
Tacitly it is assumed that the collection of n f functions forms a complete basis in some functional space. Especially in neutrally stable or unstable mean -4-American Institute of Aeronautics and Astronautics flows this is not entirely to be taken for granted. Compare, for example, the representation of trailing vorticity in the critical layer of a viscous boundary layer.
Furthermore, satisfaction of the boundary conditions in (7) yields (10) Once n f is known, the rotational component of the velocity can be constructed via (9) . One obtains
Fortuitously, the cross-flow boundary-layer equation (10) can be solved both exactly and asymptotically. However, for more sophisticated mean-flow profiles that are solutions to Berman's equation, 10 the resulting boundary-layer equations can be solved asymptotically only. In what follows, two fundamental asymptotic solutions are constructed for the class of ODEs to which (10) belongs.
III. Fundamental Formulation
When coupling exists inside an enclosure between a mean-flow structure and small-amplitude pressure perturbations, the linearized momentum equation has been shown in several studies to be reducible by separation of variables (cf. Flandro, 4-6 Majdalani and Van Moorhem, 7 and Majdalani
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). As outlined in the previous section, former studies have demonstrated that a successful outcome relies on resolving the separated cross-flow boundary-layer equation. The latter contains two perturbation parameters and exhibits the fundamental form (12) where x is defined over a closed interval, Boundary conditions accompanying (12) consist of
A. Motivation
As illustrated in (10), ( ) 0 a α = gives rise to a regular singularity. This singularity is of a logarithmic type that demands a careful application of perturbation tools. Since an exact solution is always desirable, the forthcoming conceptual solution will be later compared to the exact solution of (10) . When the undisturbed state is taken to correspond to more elaborate mean-flow solutions of the Berman equation, 10 more complicated expressions for ( ) a x , ( ) b x and ( ) c x will arise. The fundamental asymptotic formulations that will be developed below can then be used to obtain closedform temporal solutions for specific mean-flow patterns. The conceptual solutions can also reveal the characteristic length scales and dynamic parameters that control the rotational wave behavior (amplitude, phase, and depth of penetration) for an arbitrary mean-flow profile.
B. Fundamental WKB Solution
Consider the singular, boundary-value, doubleperturbation problem expressed by (12) 
Similarly, the companion equation at (1) O can be written as 
Higher-order terms can be found from 
The same can be applied to any desired order. For example, one can write ( )
( )
In general, two recurrence formulae based on 0 S and 1 S can yield j S , 2 j ∀ ≥ ; these formulae can be defined 
The basic solution indicates that results can be expressed, everywhere, as function of λ and the viscous parameter 
The recurrence formulae given by (24)- (25) can now be substituted into (30) . One finds
(31) The above generalization enables us to determine the WKB solution to any desired order j . In the forthcoming analysis, we shall define our basic WKB solution to be
In order to determine the model's characteristic length scale and for the purpose of gaining a better understanding of the inner scaling constitution, the method of multiple scales will be employed next.
C. Two-variable Multiple-scales Expansion
A two-variable multiple-scales procedure requires specifying two fictitious coordinates, an outer scale 0 x , which is routinely taken to be the unmodified independent variable, and an inner scale, 1 x , that can capture rapidly changing behavior. Traditional inner scale choices include linear transformations of the form
where the function ( ) δ ε or the stretching exponent m are determined from foreknowledge, rationalization, order-of-magnitude scaling, or plain guessing. We find such linear transformations to be unproductive in the case at hand. In fact, we find it far more expedient to introduce a nonlinear variable transformation of the form,
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where ( ) s x is a scale function that can accommodate nonlinear scaling assortments. This choice provides the necessary freedom to achieve a balance in the governing ODE between diffusive, convective, and inertial terms. A similar choice of a nonlinear transformation was determined to be necessary and thus employed recently by Zhao et al., 35 Staab and Kassoy, 36 Majdalani, 33 and Majdalani and Van Moorhem. 7 The current study will obviate the need for conjecture because the correct nonlinear scaling transformation will be derived directly from the problem's solvability condition. As one would expect, the corresponding results will be more accurate, uniform, and widely applicable than those obtained from the use of other scalings.
In the generalized two-variable scheme, we choose 
where primes denote differentiation with respect to x . Next, we consider a Poincaré expansion of the form
f is the leadingorder term that we propose to find, and 
where (1) 
At the outset, the first-order equation in ε becomes ( )
The procedure needed to arrive at a uniformly valid (1) f can be used to provide the additional information necessary to specify 1 C . However, in order to determine 1 C , it is not necessary to determine (1) f fully. It is sufficient to formulate a solvability condition for which a solution for (38) exists in a manner to ensure an asymptotic series expansion of the form
Evidently, the goal is to find a solution (1) f that does not grow such that (1) f ε and (0) f become comparable. For this, it is convenient to introduce the ratio
In order to determine h , it is expedient to first multiply (36) by 
Grouping the left-hand-side and using (39), (40) can be simplified into
D. Solvability Condition
In order to ensure a valid asymptotic series expansion, the ratio of (1) f and (0) f must be bounded. This can be accomplished by imposing the following solvability condition: 
C is a pure constant to be evaluated from (13 
where ( ) h x can be any bounded function. The freedom in selecting ( ) s x enables us to satisfy (45).
E. A Two-variable Multiple-scales Solution
After returning to the original variable x , (45) can be inserted back into (44) and (37) . As K cancels out, the leading-order solution becomes ( ) (13), the complete solution can be combined into 
IV. Specific Example
Consider the example described in Section 2 and leading to (10) . The corresponding problem is characterized by a x = , (2 2), 0,1,
We propose to solve this equation both exactly and asymptotically. We also propose to examine its inherently nonlinear scaling composition using both standard methods and the newly obtained expressions.
A. Exact Solution
It is expeditious to apply on (10) a Liouville-Green transformation of the form
This eliminates the first derivative and converts (10) and its boundary conditions into
Equation (53) has a standard solution that can be written in terms of the parabolic cylinder function ( )
It is instructive to note that, since Re( ) 0 p < , one can use (formula 9.241.2 in Gradshtein and Ryzhik 37 ):
where Γ is Euler's Integral of the second kind. Careful application of boundary conditions renders, after some effort, 
Finally, using the superscript E for 'exact,' one obtains
By simple rearrangement, the exact solution can be used to reveal the action variables in the problem:
Clearly, the 2 / x ε scale appears explicitly in (60).
B. WKB Solution
In seeking an asymptotic solution for (10), it should be noted that two cases must be considered depending on the order of the secondary perturbation parameter. These two cases correspond to (1) represents an oscillatory behavior that is rapid for large S . Since S can be large in practice, the rapid oscillations that occur on a shorter scale preclude the possibility of a uniformly-valid solution. This can be seen in the expression for the firstorder correction when the outer solution is written at
Failure of the Traditional Outer Expansion
In fact, since the correction term comprises a part of
, nonuniformity can be expected at large S . A regular perturbation solution is hence expected to fail when S R ∼ .
The WKB Expansion for
Using (26), the leading-order WKB solution can be written as 
One may also obtain, after some effort, the first and second-order WKB solutions from (27) and (28). These are ( ( 
Partial integration of (76) 
V. Discussion
It is a simple exercise to verify that (63), the leadingorder WKB formulation shares the same dominant terms found in (79). The distinguishing features of the multiple-scales formulation are numerous. For example, it can be argued that a) it is easy to construct, b) it is sufficiently accurate over a wide range of physical parameters, c) it is compact, and d) it reveals the problem's underlying scaling composition.
In hindsight, the unique variable transformation ( , it becomes difficult to distinguish between exact and asymptotic solutions. Such agreement improves as R → ∞ or 0 ε → . Note that the current WKB approximation deteriorates (at large ε ), when S R ∼ . However, the multiple-scales solution remains more robust. This is illustrated in Fig.  3c for the case of 50 S = and 100 R = . A comparison between WKB and multiple-scales solutions is furnished in Table 1 v that parallels our study of E n f is now possible.
VI. Concluding Remarks
In this article, two general asymptotic formulations are derived as practical alternatives to the exact solutions (which may not exist in closed form) for a class of singular ODEs that exhibit a nonlinear scaling structure. Both formulations provide useful technical features associated with the exact solution, including the strong wave dependence on the viscous similarity parameter, 2 ξ ελ = . The multiple-scales solution displays the underlying scaling transformation 1 ε = x s needed to obtain uniformly valid expressions. It also discloses the relationship between ( ) s x and the problem's characteristic coefficients. Instead of applying trial and error methods to identify the inner coordinate, the problem's solvability condition is used here. The resulting multiple-scales solution is found to contain the dominant constituents of the WKB approximation. In this work, one WKB solution is derived to an arbitrary order j . In the process, it is shown that an endpoint singularity can arise unless the solution is expressed at odd orders of ε . The spurious nonuniformity is restricted to a very thin region near the core wherein the WKB solution can diverge. Outside this region, the solution remains well-behaved and accurate. The nonuniformity can be attributed to the presence of a thin shear layer near the core whose physical inclusion requires the mathematical retention of small exponential corrections in even powers of ε . The absence of singularity at odd orders of ε is consistent with the manner in which small exponential corrections are added with each successive term in a WKB expansion. The movement of the shear layer to the core is also consistent with conventional theory of injection-driven flows. Accordingly, the viscous layer that would otherwise form above the wall is pushed to the core due to surface injection. Aside from being useful in verifying the accuracy of the generalized formulations, the special example that we evoke serves Table 1 -13-American Institute of Aeronautics and Astronautics a practical purpose. It provides one exact and two asymptotic solutions to an applied study described previously in Refs. 2 and 3. Since the former work could only produce approximate solutions, the advantages of an exact solution include increased accuracy and independence of parametric size. From a perturbation standpoint, the current work reinforces the ideas presented in Ref. 33 regarding the manner in which scales can be selected. For example, the freedom in the present selection of the inner variable transformation increases our repertory of scaling choices. We hope that the rigorous specification of the undetermined scale functional may be used in similar boundary-value problems.
